We develop a systematic perturbation theory for the quasiparticle properties of a single impurity immersed in a Bose-Einstein condensate (BEC). Analytical results are derived for the impurity energy, effective mass, and residue to third order in the impurity-boson scattering length. The energy is shown to depend logarithmically on the scattering length to third order, whereas the residue and effective mass are given by analytical power series. We systematically analyse the effects of a mass imbalance between the impurity and the particles in the BEC. Our results, which cannot be obtained within the canonical Fröhlich model of an impurity interacting with a bath of phonons, provide valuable benchmarks for approximate many-body theories and for experiments.
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The problem of an impurity interacting with a reservoir with a continuous set of degrees of freedom plays a fundamental role in our understanding of many-body quantum systems. Landau and Pekar famously demonstrated that electrons in a dielectric medium become dressed by phonons forming a quasiparticle termed a polaron [1, 2] . Other examples of mobile impurities include helium-3 mixed with helium-4 [3] and Λ particles in nuclear matter [4] . Static impurities give rise to the Anderson orthogonality catastrophe [5] and the Kondo effect [6] . With the creation of two-component atomic gases characterised by an unrivalled experimental flexibility, the impurity problem can now be studied more systematically and from a broader perspective. While focus has mostly been on impurities in a Fermi sea (the Fermi polaron) [7] [8] [9] , there have been some experiments on impurity atoms in a Bose gas [10] [11] [12] [13] [14] [15] . With the recent identification of Feshbach resonances in Bose-Fermi [16] [17] [18] and Bose-Bose [19, 20] mixtures, the study of impurity physics in a BEC with a tunable interaction is now within reach.
The impurity problem provides an ideal setting for testing many-body theories, and it has yielded fundamental insights for the Fermi polaron [21] . In the case of an impurity atom in a BEC -the Bose polaron -most studies have either used mean-field theory to study selflocalisation [22] [23] [24] [25] and time-dependence for weak coupling [26] , or employed an effective Fröhlich model which is solved using various many-body techniques [27] [28] [29] [30] [31] [32] . The Fröhlich model, however, ignores interaction terms important even for weak coupling, as we shall demonstrate. The correct microscopic Hamiltonian have been used in a field theoretic approach, selectively summing ladder diagrams [33] , and in a variational approach [34] .
Since the impurity problem is so useful as a theoretical testing ground, it is important to have a quantitatively reliable theory, which can serve as a benchmark for other many-body theories and for experiments in the weak coupling regime. Here, we provide such an accurate theory for the Bose polaron by developing a systematic perturbation expansion for the impurity self-energy to third order in the impurity-boson scattering length a. The small parameter of this expansion is shown to be a/ξ with ξ the coherence length of the BEC, and we derive analytical results for the zero temperature quasiparticle properties of the polaron. We show that the perturbation series for the energy contains a logarithmic term ln(a * /ξ)a 3 /ξ 3 , where a * ∼ max(a, a B ) with a B the boson-boson scattering length. The quasiparticle residue and effective mass are on the other hand given by analytic power series up to and including a 3 /ξ 3 . We furthermore systematically analyse the effects of a mass imbalance between the impurity and the particles in the BEC. The novelty of our approach compared with recent work [27] [28] [29] [30] [31] [32] is to start from the microscopic Hamiltonian, rather than the Fröhlich model, which is unable to capture the processes beyond second order. Also, the field theory and variational approaches of Refs. [33, 34] miss terms already at second order.
We consider an impurity of mass m immersed in a BEC of particles with mass m B . The Hamiltonian is
where a k and c k removes a boson and an impurity, respectively, with momentum k,
are the free dispersions, and V is the system volume. The boson-boson V B (q) and boson-impurity interaction V (q) are both assumed short-ranged. They are related as usual to the low-energy vacuum scattering properties by summing all ladder diagrams in a vacuum, resulting in the scattering matrices T B = 4πa B /m B and T v = 2πa/m r , with m r = m B m/(m B + m) the reduced mass. We work in units where = k B = 1.
The BEC is assumed to be weakly interacting such that it can be described by Bogoliubov theory, i.e. n 0 a 3 B 1 with n 0 the condensate density. We define the imaginary time Bose Green's functions as G 11 (k, τ ) = arXiv:1503.06979v1 [cond-mat.quant-gas] 24 Mar 2015
. Here, z = i2sT with s integer is a Bose Matsubara frequency and T is the temperature.
Perturbation series.-Our aim is to develop a systematic perturbation theory in powers of the impurity-boson scattering length for the quasiparticle properties of the impurity. To this end, we first relate the sum of ladder diagrams describing the scattering of the impurity and a boson in the presence of the BEC, to that in vacuum,
Here we use the shorthand notation p ≡ (p, z) for the center of mass momentum/energy of the scattering pair. In Bogoliubov theory, the pair propagator is given by
where
is the boson distribution function, and we have defined dǩ ≡ d 3 k/(2π) 3 . The term 2m r /k 2 in Eq. (3) subtracts the contribution already contained within the vacuum scattering, and acts to regularize the pair propagator.
We write the impurity self-energy as a perturbation series in the scattering length:
. ., where Σ n contains diagrams of order a n . The first order term is simply the mean-field energy shift Σ 1 (p) = T v n with n the total density of the bosons. We now evaluate the next two terms. This calculation corresponds to grouping diagrams in increasing powers of a, and as a first step which captures some of the relevant terms we therefore expand Eq. (2) as [35] . It follows that the small parameter of this perturbation series is a/ξ as we shall demonstrate explicitly below. Here, ξ = 1/ √ 8πna B is the coherence length of the BEC.
Second order.-The six second order self-energy diagrams are shown in Fig. 1 . The diagram in Fig. 1(a) is given by n 0 T 
and Π 21 (p) = Π 12 (p). Apart from ladder summations inside T v , the first four diagrams in Fig. 1 only contain scattering of bosons into or out of the BEC, and they can in fact be obtained from the second order diagram in the Fröhlich model [27] . The diagrams in Fig. 1 (e-f) contain vertices where both the in-and out-going bosons are outside the BEC, and they are not included in the Fröhlich model. They are however suppressed by a factor n 0 a 3 B , and since we only consider terms to lowest order in n 0 a 3 B , these two diagrams will be ignored. Likewise, we do not distinguish between n 0 and n in the following. In total, the second order self-energy is
For T = 0 and p = (0, 0), Eqs. (3-5) may be integrated analytically [35] to yield
where α ≡ m/m B is the mass ratio,
and f (α) ≡ (α + 1)/(α − 1) arctan (α − 1)/(α + 1) with the definition √ −1 = i. Note that this expression is well defined in the limit α → 1 corresponding to equal masses, where we have A(1) = 8 √ 2/3π. Third order.-We now consider the diagrams giving Σ 3 (p). They can be divided into three different classes. The first is obtained by inserting first order self-energies T v n 0 for the impurity propagators in the second order diagrams depicted in Fig. 1(a-d) . This procedure yields four diagrams which are easily evaluated. As we shall see, however, when calculating the quasiparticle properties perturbatively, these self-energy insertions are cancelled by a similar first order shift T v n 0 in the impurity energy, which must be inserted in the second order diagrams.
The second class of third order diagrams consists of the eight "ladder" diagrams depicted in Fig. 2(a) . They are easily expressed in terms of the two-particle propagaters Π ij . Using the effective propagator G = G 1 = G 2 , with G 1 = G 11 +G 12 and G 2 = G 11 +G 21 , they can be reduced to the two diagrams shown in Fig. 2(b) . Their sum is
where we have suppressed the momentum/frequency dependence for notational simplicity. The third class of diagrams are those where either the first or the last two interaction lines are crossed. There are sixteen such diagrams, but using the propagator G(p) they can be reduced to the four terms depicted in Fig. 2(c) , which constitutes a major simplification. Evaluating the Matsubara sums and specializing to T = 0 yields for the sum of crossed diagrams
Equation (10) is in fact ultraviolet divergent, the offending terms being u k v k Π 11 (k ) and u 2 k Π 12 (k ). As shown in the Supplemental Material [35] , these two terms give rise to a 1/k behaviour of the integrand for Σ 3c for large k, which thus appears to be logarithmically divergent. However, this should not cause us too much worry. Firstly, the integrand is well behaved at low momenta, where a natural lower cut-off is provided by k ∼ 1/ξ, below which medium effects become significant. Secondly, the ultraviolet divergence is a consequence of the fact that we have assumed a constant scattering matrix T B , so that bosons with very high momenta are affected by the BEC. Retaining the energy dependence of T B would result in an ultraviolet cut-off ∼ 1/a B . Likewise, replacing T v by the full energy dependent scattering matrix T in the diagrams for Σ 3c gives a cut-off ∼ 1/a. We can therefore write
with a * ≡ max(a, a B ). We find [35] 
In the case of equal masses, we have B(1) = 2/3 − √ 3/π. Note that since Σ 3b (p) ∼ O(a 3 /ξ 3 ), it does not contribute to the self-energy to the order stated in Eq. (11) for a > a B . It does however contribute to the quasiparticle residue and effective mass, as we shall see below.
Quasiparticle energy.-Having evaluated all twentyfour third order diagrams, we can now present a perturbative expression for the polaron energy E(p). It is given by the solution of
. From Eqs. (7) and (11) we obtain for p = 0 and T = 0
where Ω = 2πn 0 ξ/m r is the mean-field polaron energy for a = ξ. Equation (13) gives the polaron energy to order ln(a * /ξ)a 3 /ξ 3 and is one of our main results. We see that the small parameter of the perturbation series is indeed a/ξ. The second order term agrees with that obtained using the Fröhlich Hamiltonian [29] . As we see from Fig. 2(b) however, the third order logarithmic term comes from scattering events where both bosons are excited out of the BEC. These are precisely the processes ignored by the Fröhlich model, which therefore incorrectly predicts a vanishing third order term. Also note that the ladder approximation fails already at second order, since it only includes diagrams (a) and (e) in Fig. 1 .
We have shown that the perturbative calculation gives a logarithmic term at third order in a. A similar logarithmic term appears for the energy of the Fermi polaron to fourth order in the scattering length [4] . A fourth order logarithmic term also appears in the ground state energy of an interacting Bose gas [36] [37] [38] . It is interesting that a logarithmic term for the energy appears already to third order for the present Bose polaron problem.
Quasiparticle residue and effective mass.-The quasiparticle residue is given by Z −1 = 1 − ∂ ω Σ. For zero momentum, we obtain to third order
where we have used the fact that inserting the first order energy shift, T v n 0 , in the second order self-energy leads to a third order term which cancels the third order diagrams Σ 3a obtained by first order self-energy insertions. Contrary to the case of the quasiparticle energy, the self-energy term Σ 3b contributes to the residue since ∂ ω Σ 3b and ∂ ω Σ 3c are of the same order. The second order contribution ∂ ω Σ 2 can be evaluated analytically as can ∂ ω Σ 3b , whereas ∂ ω Σ 3c has to be evaluated in terms of a dimensionless integral. We obtain
where C(α) and D(α) are given in the Supplemental Material [35] . For equal masses, we have C(1) = 2 √ 2/3π and D(1) ≈ 0.64.
The effective mass of the quasiparticle is obtained from m/m * = Z(1 + 2m∂ p 2 Σ). Following steps analogous to the calculation of Z, we obtain
where F (α) and G(α) are given in the Supplemental Material [35] . For the equal mass case, we have F (1) = 16 √ 2/45π and G(1) ≈ 0.37. Our result for F (α) matches that of Ref. [29] .
Plots.-In Fig. 3 , we plot the zero momentum polaron energy, residue, and effective mass, obtained from Eqs. (13), (15), and (16), in the range −0.3 < a/ξ < 0.3 where we expect perturbation theory to be reliable. We have chosen a B /ξ = 0.1 and depict the results in the case of equal masses (α = 1), as well as for the mass ratios α = 39/87 and α = 87/39 corresponding to the experimentally relevant case of a 39 K-87 Rb mixture. Consider first the energy. We have E(0) < 0 (E(0) > 0) for a < 0 (a > 0), corresponding to the attractive (repulsive) branch which are both described within our perturbation theory. The second order gives a significant correction to the energy whereas the third order term is very small. This is explained in the inset, which shows that the third order expansion coefficient B(α) is much smaller than the second order coefficient A(α), except for α 1, so that the third order term is suppressed even when a/ξ ∼ 1. In fact, B(α) → 0 for a very heavy impurity with α → ∞ [35] .
Consider next the quasiparticle residue Z. Here, the third order term gives a significant correction, increasing Z for the attractive polaron and decreasing it for the repulsive polaron. As we see from the inset, this is because the third order coefficient D(α) is larger than the second order coefficient C(α). Finally, we see that the third order term gives a large contribution to the effective mass, increasing (decreasing) it for the attractive (repulsive) polaron. This is consistent with the inset depicting the expansion coefficients F (α) and G(α). We have F (α) → 0 and G(α) → 0 for α → ∞ [35] , indicating that the effective mass equals the bare mass for a very heavy impurity as expected. (13), (15), and (16) for aB/ξ = 0.1. We show the first order term (dash-dotted), second order (dashed) and third order (solid) for equal masses (black). For α = 39/87 (red) and α = 87/39 (blue) we only show the third order result. In the insets, we show the relevant second and third order expansion coefficients as a function of mass ratio.
Choosing a larger value of ξ/a B will increase the relative size of the third order term for m * and Z. The results are however qualitatively the same as those depicted in Fig. 3 for experimentally realistic values of ξ/a B . Varying the mass ratio α also changes the relative weight of the second and third order terms as explained above. In the Supplemental Material, we provide the values of A(α), . . . , G(α) for α = 0 and α → ∞. Intriguingly, C(α), D(α), F (α), and G(α) all diverge for α → 0, indicating a breakdown of perturbation theory. In this limit, the atoms in the BEC are much heavier than the impurity, and it would be interesting to examine how this breakdown is related to the problem of a mobile impurity interacting with static scatterers.
Conclusion.-We have developed a systematic perturbation theory for the quasiparticle properties of an impurity particle in a BEC, demonstrating that the small parameter of this expansion is a/ξ. We provided analytical results for the energy, residue, and effective mass. The energy was shown to contain a third order logarithmic term, whereas the residue and effective mass are given by analytic power series in a up to and including third order. We showed that the third order term is small for the energy, but that it can be significant for both the residue and the effective mass. The effects of a mass difference between the impurity and the atoms in the BEC were analysed throughout. Compared with previous theoretical analyses, our theory is the first to correctly calculate the quasiparticle properties up to and including third order in the scattering length, and it provides a useful benchmark for approximate many-body theories and for experiments.
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Supplemental Materials: Quasiparticle properties of a mobile impurity in a Bose-Einstein condensate
PAIR PROPAGATORS AT ZERO TEMPERATURE AND MOMENTUM
All pair propagators given in the main manuscript by eqs. (3) to (5) can be calculated analytically for T = 0 and p = (0, 0), yielding
They are all well defined in the equal mass limit α → 1, where we have Π 11 (0) = m B /2 √ 2π 2 ξ, Π 12 (0) = m B /2 √ 2π 2 ξ, and Π 22 (0) = − m B /6 √ 2π 2 ξ.
LOGARITHMIC DIVERGENCE OF Σ3c AND B(α)
Analysing the divergence of Σ 3c , we investigate the integrand in eq. (10) in the main manuscript for k → ∞. We have that u k → 1, v k → T B n 0 m B /k 2 , E k → k 2 /2m B , and Π 11 (k, −E k ) → m 
and
where we have used
Using these limits in eq. (10), we see that the integrand goes as 1/k for k → ∞. Setting the lower and upper limits of the remaining k-integral to 1/ξ and 1/a * respectively, we obtain eq. (11)-eq. (12).
COEFFICIENTS FOR THE RESIDUE: C(α) AND D(α)
The contributions to the residue from the second order diagrams ∂ ω Σ 2 (0, ω)| 0 and the third order "ladder" diagrams ∂ ω Σ 3b (0, ω)| 0 can be calculated analytically, while the contribution from the "crossed" diagrams has to be evaluated numerically. We obtain
